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OPTIMAL FEW-WEIGHT CODES FROM
SIMPLICIAL COMPLEXES
YANSHENG WU, XIAOMENG ZHU, AND QIN YUE
Abstract. Recently, some infinite families of binary minimal and optimal linear
codes are constructed from simplicial complexes by Hyun et al. Inspired by their
work, we present two new constructions of codes over the ring F2+uF2 by employing
simplicial complexes. When the simplicial complexes are all generated by a maximal
element, we determine the Lee weight distributions of two classes of the codes over
F2 + uF2. Our results show that the codes have few Lee weights. Via the Gray
map, we obtain an infinite family of binary codes meeting the Griesmer bound and
a class of binary distance optimal codes.
1. Introduction
An [n, k, d] binary linear code C is a k-dimensional subspace of Fn2 with minimum
Hamming distance d. Let Ai denote the number of codewords in C with Hamming
weight i. The weight enumerator of C is defined by 1 + A1z + A2z
2 + · · · + Anz
n.
The sequence (1, A1, A2, . . . , An) is called the weight distribution of C. A code C is
t-weight if the number of nonzero Ai in the sequence (A1, A2, . . . , An) is equal to t.
Let Fq be a finite field of order q, where q is a power of a prime p. Let D =
{d1, d2, . . . , dn} ⊆ Fw, where w is a power of q. Let Trw/q be the trace function from
Fw to Fq. A linear code of length n over Fq is defined by
CD = {(Trw/q(xd1), . . . ,Trw/q(xdn)) : x ∈ Fw}.
The code CD is called a trace code over Fq and the set D is called the defining set
of the code CD. Although different orderings of the elements of D result in different
codes, these codes are permutation equivalent and have the same parameters. If
the set D is properly chosen, the code CD may have good parameters. This generic
construction was first introduced by Ding et al. [4, 6]. Many known codes have been
produced by selecting a proper defining set, see [9, 13, 15]. These codes can be used
in secret sharing schemes [1, 2] and authentication codes [5].
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Let R be a finite commutative ring, Rm be an extension of R of degree m, and R
∗
m
be the multiplicative group of units of Rm. A trace code over R with a defining set
L = {l1, l2, · · · , ln} ⊆ R
∗
m is defined by
CL = {Tr(xl1),Tr(xl2), · · · ,Tr(xln)|x ∈ Rm},
where Tr(·) is a R-linear function from Rm to R. Based on the construction above,
some codes with few weights over rings have been obtained, see [14], [16]-[23].
Let R = Fq + uFq, u
2 = 0 and R = Fw + uFw. The Lee weight distribution of a
trace code CL has been investigated in the literature.
(1) When R = F2 + uF2, u
2 = 0, R = F2m + uF2m , and L = F
∗
2m + uF2m, the code
CL is a two-weight code, see [17].
(2) When R = Fp+uFp, u
2 = 0, R = Fpm+uFpm, and L = Q+uFpm , where p is an
odd prime and Q is the set of all square elements of F∗pm, the code CL is a two-weight
or three-weight code, see [18].
(3) When R = Fp + uFp, u
2 = u, R = Fpm + uFpm, L = Q + uF
∗
pm and L =
F
∗
pm + uF
∗
pm, where Q is the set of all square elements of F
∗
pm, the code CL is a
two-weight or few-weight code, see [20].
(4) When R = Fq + uFq, u
2 = 0, R = Fqm + uFqm, and L = C
(e,qm)
0 + uFpm, where
e is a divisor of q − 1 and C
(e,qm)
0 is the cyclotomic class of order e, the code CL is a
two-weight or few-weight code, see [14].
Most recently, Hyun et al. [3, 11] constructed some infinite families of binary
optimal and minimal linear codes via simplicial complexes. Inspired by their work, in
this paper, we focus on few-weight codes over F2+uF2, u
2 = 0 by employing simplicial
complexes. Let ∆1,∆2 be two simplicial complexes of F
m
2 and they are not equal to
F
m
2 at the same time. Let L1 = ∆1 + u∆
c
2 and L2 = ∆
c
1 + u∆
c
2, where ∆
c
1 = F
m
2 \∆1
and ∆c2 = F
m
2 \∆2. Two codes CL1 and CL2 over F2 + uF2 are defined by
CL1 = {ca = (〈a, l〉)l∈L1|a ∈ F
m
2 + uF
m
2 }, (1.1)
and
CL2 = {ca = (〈a, l〉)l∈L2|a ∈ F
m
2 + uF
m
2 }, (1.2)
where 〈a, l〉 is the Euclidean inner product in Fm2 + uF
m
2 .
The rest of this paper is organized as follows. In Section 2, we recall some concepts
and results. In Sections 3, we determine the Lee weight distributions of some codes
in (1.1) and (1.2). In Section 4, using the Gray map, we obtain two classes of binary
optimal codes and present some examples. In Section 5, we conclude the paper.
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2. Preliminaries
2.1. Simplicial complexes and generating functions.
Let F2 be the finite field with order two. Assume that m is a positive integer.
The support supp(v) of a vector v ∈ Fm2 is defined by the set of nonzero coordinate
positions. The Hamming weight wt(v) of v ∈ Fm2 is defined by the size of supp(v).
There is a bijection between Fm2 and 2
[m] being the power set of [m] = {1, · · · , m},
defined by v 7→ supp(v). Throughout this paper, we will identify a vector in
F
m
2 with its support. For two subsets A,B ⊆ [m], the set {x : x ∈ A and x /∈ B}
and the number of elements in the set A are denoted by A\B and |A|, respectively.
For two vectors u, v ∈ Fm2 , we say v ⊆ u if supp(v) ⊆ supp(u). We say that a
family ∆ ⊆ Fm2 is a simplicial complex if u ∈ ∆ and v ⊆ u imply v ∈ ∆. For a
simplicial complex ∆, a maximal element of ∆ is one that is not properly contained
in any other element of ∆. Let F = {F1, · · · , Fl} be the family of maximal elements
of ∆. For each F ⊆ [m], the simplicial complex ∆F generated by F is defined to be
the family of all subsets of F .
Let X be a subset of Fm2 . Hyun et al. [3] introduced the following m-variable
generating function associated with the set X :
HX(x1, x2 . . . , xm) =
∑
u∈X
m∏
i=1
xuii ∈ Z[x1, x2, . . . , xm],
where u = (u1, u2, . . . , um) ∈ F
m
2 and Z is the ring of integers. We observe that
(1) H∅(x1, x2 . . . , xm) = 0,
(2)HX(x1, x2 . . . , xm)+HXc(x1, x2 . . . , xm) = HFm
2
(x1, x2 . . . , xm) =
∏
i∈[m](1+xi).
The following lemma plays an important role in determining the Lee weight distri-
butions of the codes defined in (1.1) and (1.2).
Lemma 2.1. [3, Theorem 1] Let ∆ be a simplicial complex of Fn2 with the set of
maximal elements F . Then
H∆(x1, x2 . . . , xn) =
∑
∅6=S⊆F
(−1)|S|+1
∏
i∈∩S
(1 + xi),
In particular, we have that |∆| =
∑
∅6=S⊆F(−1)
|S|+12|∩S|.
2.2. Lee weight and Gray map.
In the remainder of this paper, we always assume that R = F2 + uF2, where
u2 = 0. A linear code of C of length m over R is an R-submodule of Rm. Let
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x = (x1, x2, · · · , xm) and y = (y1, y2, · · · , ym) be two vectors of R
m. The inner
product of x and y is defined by 〈x,y〉 =
∑m
i=1 xiyi ∈ R.
For any a+ ub ∈ R, a, b ∈ F2, the Gray map φ from R to F
2
2 is defined by
φ : R→ F22, a+ ub 7→ (b, a + b).
Any vector x ∈ Rm can be written as x = a + ub, where a, b ∈ Fm2 . The map φ can
be extended naturally from Rm to F2m2 as follows:
φ : Rm → F2m2 ,x = a + ub 7→ (b, a+ b).
The Hamming weight of a vector a of length m over F2 is defined to be the number
of nonzero entries in the vector a. The Lee weight of a vector x of length m over R
is defined to be the Hamming weight of its Gray image as follows:
wL(x) = wL(a + ub) = wH(b) + wH(a + b).
The Lee distance of a, b ∈ Rm is defined as wL(x− y). It is easy to check that the
Gray map is an isometry from (Rm, dL) to (F
2m
2 , dH).
3. The Lee weight distributions of the codes over R
Let ∆1,∆2 be two simplicial complexes of F
m
2 and they are not equal to F
m
2 at the
same time. Let L1 = ∆1 + u∆
c
2 and L2 = ∆
c
1 + u∆
c
2 . We define two codes CL1 and
CL2 over F2 + uF2 as follows:
CL1 = {ca = (〈a, l〉)l∈L1|a ∈ F
m
2 + uF
m
2 },
and
CL2 = {ca = (〈a, l〉)l∈L2|a ∈ F
m
2 + uF
m
2 }.
The lengths of the codes CL1 and CL2 are |L1| and |L2|, respectively.
Employing Lemma 2.1, we will give the Lee weight distributions of the codes CL1
and CL2 in the case that the two simplicial complexes are all generated by a single
maximal element. Before giving our main results, we prove the following lemma first.
For two subsets X and Y of [m], we use χ(X|Y ) to denote a function from 2[m]×2[m]
to {0, 1}, and χ(X|Y ) = 1 if and only if X ∩ Y = ∅.
Lemma 3.1. For A,B ⊆ [m], we have the following.
(1) The size of the set {∅ 6= X ⊆ [m]|χ(X|A) = 1} is 2m−|A|− 1; the size of the set
{X ⊆ [m]|χ(X|A) = 0} is 2m − 2m−|A|.
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(2) Let
S1 = {∅ 6= X ⊆ [m]|χ(X|A)χ(X|B) = 1}
and
S0 = {X ⊆ [m]|χ(X|A)χ(X|B) = 0}.
Then |S1| = 2
m−|A∪B| − 1 and |S0| = 2
m − 2m−|A∪B|.
(3) Define A⊕B := (A ∪B)\(A ∩B). Let
T2 = {(X, Y )|∅ 6= X, Y ⊆ [m], X 6= Y, χ(Y |B) = 1, χ(X|A) + χ((X ⊕ Y )|A) = 2},
T1 = {(X, Y )|∅ 6= X, Y ⊆ [m], X 6= Y, χ(Y |B) = 1, χ(X|A) + χ((X ⊕ Y )|A) = 1},
and
T0 = {(X, Y )|∅ 6= X, Y ⊆ [m], X 6= Y, χ(Y |B) = 1, χ(X|A) + χ((X ⊕ Y )|A) = 0}.
Then
|T2| = (2
m−|A| − 2)(2m−|A∪B| − 1), |T1| = 2(2
m−|A| − 1)(2m−|B| − 2m−|A∪B|),
and
|T0| = 2
m(2m−|B| − 1) + 2m−|A|(1 + 2m−|A∪B| − 2m+1−|B|).
Proof. (1) Each element in [m]\A can be in the set X or not. Hence the number of
nonempty X such that χ(X|A) = 1 is 2m−|A| − 1.
(2) Due to |S0| + |S1| = 2
m, it suffices to determine the size of S1. Note that
χ(X|A)χ(X|B) = 1 if and only if χ(X|A) = χ(X|B) = 1 if and only ifX∩(A∪B) = ∅.
By (1), |S1| = 2
m−|A∪B| − 1.
(3) Notice that T2∪T1∪T0 = {(X, Y )|∅ 6= X, Y ⊆ [m], X 6= Y, χ(Y |B) = 1}. Then
|T2|+ |T1|+ |T0| = (2
m−|B| − 1)(2m − 2). (3.1)
It suffices to determine the sizes of T2 and T1.
Note that χ(X|A) +χ((X ⊕ Y )|A) = 2 if and only if χ(X|A) = χ((X ⊕ Y )|A) = 1
if and only if X ∩ A = ∅ and (X ⊕ Y ) ∩A = ∅. By definition,
(X ⊕ Y ) ∩ A = ((X ∪ Y )\(X ∩ Y )) ∩ A = (X ∩ Y c ∩A) ∪ (Y ∩Xc ∩A), (3.2)
where Xc = [m]\X . The factX∩A = ∅ implies thatXc∩A = A. By (3.2), X∩A = ∅
and (X⊕Y )∩A = ∅ if and only if X ∩A = ∅ and Y ∩A = ∅. In a word, the element
(X, Y ) in T2 should satisfy the following conditions:
∅ 6= X, ∅ 6= Y,X 6= Y,X ∩ A = ∅, Y ∩ (A ∪B) = ∅.
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According to the fact that 2m−|A| ≥ 2m−|A∪B|, we have
|T2| = (2
m−|A| − 2)(2m−|A∪B| − 1). (3.3)
Note that χ(X|A) + χ((X ⊕ Y )|A) = 1 if and only if χ(X|A) = 1 and χ((X ⊕
Y )|A) = 0 or χ(X|A) = 0 and χ((X ⊕ Y )|A) = 1. We divide the set T1 into two
parts, denoted by T ′1 and T
′′
1 . In the following, we proceed with the proof in two
cases.
(i) χ(X|A) = 1 and χ((X ⊕ Y )|A) = 0. By (3.2), χ((X ⊕ Y )|A) = 0 if and only
if (X ⊕ Y ) ∩ A 6= ∅ if and only if Y ∩ A 6= ∅. In this case, the element (X, Y ) in T ′1
should satisfy the following conditions:
∅ 6= X,X ∩A = ∅, Y ∩ B = ∅, Y ∩ A 6= ∅.
Then
|T ′1| = (2
m−|A| − 1)(2m−|B| − 2m−|A∪B|). (3.4)
(ii) χ(X|A) = 0 and χ((X ⊕ Y )|A) = 1. By (3.2), χ((X ⊕ Y )|A) = 1 if and only
if (X ∩A)∩ Y c = ∅ and (Y ∩A)∩Xc = ∅ if and only if X ∩A ⊆ Y and Y ∩A ⊆ X .
Namely, X ∩ A = Y ∩ A. In this case, the element (X, Y ) in T ′′1 should satisfy the
following conditions:
∅ 6= X,X 6= Y, Y ∩B = ∅, X ∩ A = Y ∩ A 6= ∅.
The size of X ∩ A can be 1, 2, · · · , |A\B| = k. For each 1 ≤ i ≤ k, if |X ∩ A| = i,
then there are 2m−|A∪B|C ik choices for Y and 2
m−|A| − 1 choices for X such that the
conditions above are satisfied. Then
|T ′′1 | = (2
m−|A| − 1)2m−|A∪B|
k∑
i=1
C ik = (2
m−|A| − 1)2m−|A∪B|(2|A\B| − 1)
= (2m−|A| − 1)(2m−|B| − 2m−|A∪B|). (3.5)
By (3.4) and (3.5),
|T1| = |T
′
1|+ |T
′′
1 | = 2(2
m−|A| − 1)(2m−|B| − 2m−|A∪B|). (3.6)
By (3.1), (3.3), and (3.6),
|T0| = (2
m−|B| − 1)(2m − 2)− (2m−|A| − 2)(2m−|A∪B| − 1)
− 2(2m−|A| − 1)(2m−|B| − 2m−|A∪B|)
= 2m(2m−|B| − 1) + 2m−|A|(1 + 2m−|A∪B| − 2m+1−|B|).
This completes the proof. 
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3.1. Lee weight distribution of the code CL1.
Suppose that a = α+uβ, l = t1+ut2, where α = (α1, · · · , αm), β = (β1, · · · , βm) ∈
F
m
2 , t1 ∈ ∆1, and t2 ∈ ∆
c
2. If a = 0, then wL(ca) = 0. Next we assume that a 6= 0.
Then the Lee weight of the codeword ca of the code CL1 becomes that
wL(ca)
= wL((α+ uβ)(t1 + ut2)t1∈∆1,t2∈∆c2)
= wL((αt1 + u(αt2 + βt1))t1∈∆1,t2∈∆c2)
= wH((αt2 + βt1)t1∈∆1,t2∈∆c2) + wH(((α + β)t1 + αt2)t1∈∆1,t2∈∆c2)
= |L1| −
1
2
∑
y∈F2
∑
t1∈∆1
∑
t2∈∆c2
(−1)(αt2+βt1)y
+ |L1| −
1
2
∑
y∈F2
∑
t1∈∆1
∑
t2∈∆c2
(−1)((α+β)t1+αt2)y
= |L1| −
1
2
∑
t1∈∆1
(−1)βt1
∑
t2∈∆c2
(−1)αt2 −
1
2
∑
t1∈∆1
(−1)(α+β)t1
∑
t2∈∆c2
(−1)αt2
= |L1| −
1
2
(
∑
t2∈∆c2
(−1)αt2)(
∑
t1∈∆1
(−1)βt1 +
∑
t1∈∆1
(−1)(α+β)t1). (3.7)
Theorem 3.2. Let A,B ⊆ [m] and 0 < |B| < m . Let ∆A,∆B be two simplicial
complexes of Fm2 and L1 = ∆A + u∆
c
B. Then the code CL1 has length 2
|A|(2m − 2|B|),
size 2m+|A|, and its Lee weight distribution of is given in Table 1.
Table 1. Lee weight distribution of the code in Theorem 3.2
Lee Weight Frequency
0 2m−|A|
2m+|A| 2m−|A|(2m−|A∪B| − 1)
2|A|(2m − 2|B|) 22m + 2m−|A|(2m−|A∪B| − 2m+1−|B|)
2m+|A| − 2|A|+|B|−1 2m−|A|+1(2m−|B| − 2m−|A∪B|)
Proof. It is easy to check that the length |L1| of the code CL1 is 2
|A|(2m − 2|B|).
Recall that there is a bijection between Fm2 and 2
[m]. For u ∈ Fm2 and X ⊆ F
m
2 ,
we also use χ(u|X) to denote a Boolean function in n-variable, and χ(u|X) = 1 if
and only if u
⋂
X = ∅. Suppose that 0 6= a = α + uβ, where α = (α1, · · · , αm),
β = (β1, · · · , βm) ∈ F
m
2 . By Lemma 2.1,
H∆A((−1)
β1 , · · · , (−1)βm) =
∏
i∈A
(1 + (−1)βi) =
∏
i∈A
2(1− βi) = 2
|A|χ(β|A).
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By (3.7),
wL(ca)
= |L1| −
1
2
(2mδ0,α −H∆B((−1)
α1 , · · · , (−1)αm)H∆A((−1)
β1, · · · , (−1)βm)
−
1
2
(2mδ0,α −H∆B((−1)
α1 , · · · , (−1)αm)H∆A((−1)
α1+β1, · · · , (−1)αm+βm)
= |L1| − 2
|A|−1(2mδ0,α − 2
|B|χ(α|B))(χ(β|A) + χ(α + β|A)).
where δ is the Kronecker delta function.
Suppose that supp(α) = X and supp(β) = Y . It is easy to verify that supp(α+β) =
X ⊕ Y , which is defined in Lemma 3.1. Next we divide the proof into two cases.
(1) α = 0. Then
wL(ca) = |L1| − 2
|A|(2m − 2|B|)(χ(β|A).
In this case, wL(ca) = 0 or 2
|A|(2m − 2|B|) and the frequencies are given in Lemma
3.1 (1).
(2) α 6= 0. Then
wL(ca) = |L1|+ 2
|A|+|B|−1χ(α|B)(χ(β|A) + χ(α + β|A)).
By Lemma 3.1, the number of α such that χ(α|B) = 0 is 2m− 2m−|B|, in this case we
have wL(ca) = 2
|A|(2m − 2|B|). Let
P2 = {(α, β)|α, β ∈ F
m
2 , χ(α|B) = 1, χ(β|A) + χ(α + β|A) = 2},
P1 = {(α, β)|α, β ∈ F
m
2 , χ(α|B) = 1, χ(β|A) + χ(α + β|A) = 1},
and
P0 = {(α, β)|α, β ∈ F
m
2 , χ(α|B) = 1, χ(β|A) + χ(α + β|A) = 0}.
Then the number of a with wL(ca) = 2
m+|A| is |P2|; the number of a with wL(ca) =
2m+|A| − 2|A|+|B|−1 is |P1|; the number of a with wL(ca) = 2
|A|(2m − 2|B|) is |P0|.
By the proof of Lemma 3.1,
|P2| = 2
m−|A|(2m−|A∪B| − 1), |P1| = 2
m−|A|+1(2m−|B| − 2m−|A∪B|),
and
|P0| = 2
m(2m−|B| − 1) + 2m−|A|(1 + 2m−|A∪B| − 2m+1−|B|).
This completes the proof. 
Remark 3.3. In Theorem 3.2, if A ∪ B = [m] or A ⊆ B, then the code CL1 is a
two-Lee-weight code.
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Corollary 3.4. Suppose that ∆B is a simplicial complex with a single maximal ele-
ment B ⊆ [m] with 0 < |B| < m. If L1 = u∆
c
B, then the code CL1 has length 2
m−2|B|,
size 2m, and its Lee weight distribution of is given in Table 2.
Table 2. Lee weight distribution of the code in Corollary 3.4
Lee Weight Frequency
0 2m
2m 2m(2m−|B| − 1)
2m − 2|B| 22m − 22m−|B|
Corollary 3.5. Suppose that ∆B is a simplicial complex with a single maximal ele-
ment B ⊆ [m] with 0 < |B| < m. If L1 = F
m
2 + u∆
c
B, then the code CL1 has length
2m(2m − 2|B|), size 22m, and its Lee weight distribution is given in Table 3.
Table 3. Lee weight distribution of the code in Corollary 3.5
Lee Weight Frequency
0 1
2m(2m − 2|B|) 22m − 2m+1−|B| + 1
22m − 2m−1+|B| 2m+1−|B| − 2
3.2. Lee weight distributions of the code CL2.
Suppose that a = α+uβ, l = t1+ut2, where α = (α1, · · · , αm), β = (β1, · · · , βm) ∈
F
m
2 , t1 ∈ ∆
c
1, and t2 ∈ ∆
c
2. If a = 0, then wL(ca) = 0. Next we assume that a 6= 0.
By (3.7), then the Lee weight of the codeword ca of the code CL2 becomes that
wL(ca)
= wH((αt2 + βt1)t1∈∆c1,t2∈∆c2) + wH(((α + β)t1 + αt2)t1∈∆c1,t2∈∆c2)
= |L2| −
1
2
∑
y∈F2
∑
t1∈∆c1
∑
t2∈∆c1
(−1)(αt2+βt1)y
+ |L2| −
1
2
∑
y∈F2
∑
t1∈∆c1
∑
t2∈∆c2
(−1)((α+β)t1+αt2)y
= |L2| −
1
2
∑
t1∈∆c1
(−1)βt1
∑
t2∈∆c2
(−1)αt2 −
1
2
∑
t1∈∆c1
(−1)(α+β)t1
∑
t2∈∆c2
(−1)αt2
= |L2| −
1
2
(
∑
t2∈∆c2
(−1)αt2)(
∑
t1∈∆c1
(−1)βt1 −
∑
t1∈∆c1
(−1)(α+β)t1). (3.8)
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Theorem 3.6. Let A,B ⊆ [m], 0 < |A| < m, and 0 < |B| < m . Let ∆A,∆B be
two simplicial complexes of Fm2 and L2 = ∆
c
A + u∆
c
B. Then the code CL2 has length
(2m − 2|A|)(2m − 2|B|), size 22m, and its Lee weight distribution is given in Table 4.
Table 4. Lee weight distribution of the code in Theorem 3.6
Lee Weight Frequency
0 1
2m(2m − 2|B|) 2m−|B| − 1
(2m−2|A|)(2m−2|B|)+2|B|−1(2m−2|A|+1) 2(2m−|A∪B| − 1)
(2m− 2|A|)(2m− 2|B|) + 2|B|−1(2m− 2|A|) 2(2m−|B| − 2m−|A∪B|)
(2m − 2|A|)(2m − 2|B|)− 2|A|+|B| (2m−|A| − 2)(2m−|A∪B| − 1)
(2m − 2|A|)(2m − 2|B|)− 2|A|+|B|−1 2(2m−|A| − 1)(2m−|B| − 2m−|A∪B|)
(2m − 2|A|)(2m − 2|B|) 22m + 2m−|A|(1 + 2m−|A∪B| − 2m+1−|B|)−
2m−|B|
Proof. The length |L2| of the code CL2 is (2
m − 2|A|)(2m − 2|B|). Suppose that 0 6=
a = α + uβ, where α = (α1, · · · , αm), β = (β1, · · · , βm) ∈ F
m
2 . By (3.8),
wL(ca)
= |L2| −
1
2
(2mδ0,α −H∆B((−1)
α1 , · · · , (−1)αm)(2mδ0,β −H∆A((−1)
β1, · · · , (−1)βm)
−
1
2
(2mδ0,α −H∆B((−1)
α1 , · · · , (−1)αm)(2mδ0,α+β −H∆A((−1)
α1+β1, · · · , (−1)αm+βm)
= |L2| −
1
2
(2mδ0,α − 2
|B|χ(α|B))(2mδ0,β − 2
|A|χ(β|A))
−
1
2
(2mδ0,α − 2
|B|χ(α|B))(2mδ0,α+β − 2
|A|χ(α + β|A)).
Suppose that supp(α) = X and supp(β) = Y . It is easy to verify that supp(α+β) =
X ⊕ Y , which is defined in Lemma 3.1. Next we divide the proof into four cases.
(1) α = 0 and β 6= 0. Then
wL(ca) = |L2|+ (2
m − 2|B|)2|A|χ(β|A).
In this case, wL(ca) = (2
m− 2|A|)(2m− 2|B|) or 2m(2m− 2|B|) and the frequencies are
given in Lemma 3.1 (1).
(2) α 6= 0 and β = 0. Then
wL(ca) = |L2|+ 2
|B|−1χ(α|B)(2m − 2|A| − 2|A|χ(α|A)).
By Lemma 3.1, the number of α such that χ(α|B) = 0 is 2m − 2m−|B|, in this
case we have wL(ca) = (2
m − 2|A|)(2m − 2|B|). By Lemma 3.1, the number of α
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such that χ(α|B)χ(α|A) = 1 is 2m−|A∪B| − 1, and in this case we have wL(ca) =
(2m − 2|A|)(2m − 2|B|) + 2|B|−1(2m − 2|A|+1). The number of α such that χ(α|B) = 1
and χ(α|A) = 0 is 2m−|B| − 1− (2m−|A∪B| − 1) = 2m−|B| − 2m−|A∪B|, and in this case
we have wL(ca) = (2
m−2|A|)(2m−2|B|)+2|B|−1(2m−2|A|) = (2m−2|A|)(2m−2|B|−1).
(3) α = β 6= 0. Then
wL(ca) = |L2|+ 2
|B|−1χ(α|B)(2m − 2|A| − 2|A|χ(α|A)).
Similar to (2), we have the Lee weights and their frequencies.
(4) α 6= 0, β 6= 0, and α 6= β. Then
wL(ca) = |L2| − 2
|A|+|B|−1χ(α|B)(χ(β|A) + χ(α + β|A)).
Hence the number of α such that χ(α|B) = 0 is 2m − 2m−|B|, in this case we have
wL(ca) = (2
m − 2|A|)(2m − 2|B|). Let
T2 = {(α, β)|α, β ∈ F
m∗
2 , α 6= β, χ(α|B) = 1, χ(β|A) + χ(α + β|A) = 2},
T1 = {(α, β)|α, β ∈ F
m∗
2 , α 6= β, χ(α|B) = 1, χ(β|A) + χ(α + β|A) = 1},
and
T0 = {(α, β)|α, β ∈ F
m∗
2 , α 6= β, χ(α|B) = 1, χ(β|A) + χ(α + β|A) = 0}.
Then the number of a with wL(ca) = (2
m−2|A|)(2m−2|B|)−2|A|+|B| = 2m(2m−2|A|−
2|B|) is |T2|; the number of a with wL(ca) = (2
m− 2|A|)(2m− 2|B|)− 2|A|+|B|−1 is |T1|;
the number of a with wL(ca) = (2
m − 2|A|)(2m − 2|B|) is |T0|.
By Lemma 3.1,
|T2| = (2
m−|A| − 2)(2m−|A∪B| − 1), |T1| = 2(2
m−|A| − 1)(2m−|B| − 2m−|A∪B|),
and
|T0| = 2
m(2m−|B| − 1) + 2m−|A|(1 + 2m−|A∪B| − 2m+1−|B|).
This completes the proof. 
Remark 3.7. In Theorem 3.6, if A ∪ B = [m] or A ⊆ B, then the code CL2 is a
four-Lee-weight code.
Theorem 3.8. Suppose that ∆A is a simplicial complex with a single maximal ele-
ment A ⊆ [m] with 0 < |A| < m. If L2 = ∆
c
A, then the code CL2 has length 2
m− 2|A|,
size 22m, and its Lee weight distribution is given in Table 5.
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Table 5. Lee weight distribution of the code in Theorem 3.8
Lee Weight Frequency
0 1
2m (2m−|A| − 1)2
2m − 2|A| (2m − 2m−|A|)2
2m−1 2(2m−|A| − 1)
2m−1 − 2|A|−1 2(2m − 2m−|A|)
2m − 2|A|−1 2(2m − 2m−|A|)(2m−|A| − 1)
Proof. The length of the code CL2 is |L2| = 2
m − 2|A|. By (3.8),
wL(ca) = |L2| −
1
2
(2mδ0,β −H∆A((−1)
β1 , · · · , (−1)βm)
−
1
2
(2mδ0,α+β −H∆A((−1)
α1+β1 , · · · , (−1)αm+βm)
= |L2| −
1
2
(2mδ0,β − 2
|A|χ(β|A))−
1
2
(2mδ0,α+β − 2
|A|χ(β|A)).
Next we proceed the proof by four cases.
(1) α = 0 and β 6= 0. Then
wL(ca) = 2
m − 2|F | + 2|A|χ(β|A).
By Lemma 3.1, the number of β such that χ(β|A) = 1 is 2m−|A| − 1, in this case we
have wL(ca) = 2
m. On the other hand, the number of β such that χ(β|A) = 1 is
2m − 2m−|A|, in this case we have wL(ca) = 2
m − 2|A|.
(2) β = 0 and α 6= 0. Then
wL(ca) = 2
m−1 − 2|A|−1 + 2|A|−1χ(α|A).
By Lemma 3.1, the number of α such that χ(α|A) = 1 is 2m−|A| − 1, in this case we
have wL(ca) = 2
m−1. On the other hand, the number of α such that χ(α|A) = 1 is
2m − 2m−|A|, in this case we have wL(ca) = 2
m−1 − 2|A|−1.
(3) α = β 6= 0. Then
wL(ca) = 2
m−1 − 2|A|−1 + 2|A|−1χ(α|A).
Similar to (2), we have the Lee weights and their frequencies.
(4) α 6= 0, β 6= 0, and α 6= β. Then
wL(ca) = 2
m − 2|A| + 2|A|−1(χ(α|A) + χ(α + β|A)).
Let
T2 = {(α, β)|α, β ∈ F
m∗
2 , α 6= β, χ(α|A) + χ(α + β|A) = 2},
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T1 = {(α, β)|α, β ∈ F
m∗
2 , α 6= β, χ(α|A) + χ(α + β|A) = 1},
and
T0 = {(α, β)|α, β ∈ F
m∗
2 , α 6= β, χ(α|A) + χ(α + β|A) = 0}.
Then the number of a with wL(ca) = 2
m is |T2|; the number of a with wL(ca) =
2m − 2|A|−1 is |T1|; the number of a with wL(ca) = 2
m − 2|A| is |T0|.
Suppose that supp(α) = X and supp(β) = Y . Taking B = ∅ in Lemma 3.1 (3),
|T2| = (2
m−|A| − 1)(2m−|A| − 2), |T1| = 2(2
m−|A| − 1)(2m − 2m−|A|),
and
|T0| = (2
m − 2m−|A|)(2m − 2m−|A| − 1).
This complete the proof. 
Corollary 3.9. If |A| = m−1, then the code CL2 in Theorem 3.8 is a four-Lee-weight
code and its Lee weight distribution is given in Table 6.
Table 6. Lee weight distribution of the code in Corollary 3.9
Lee Weight Frequency
0 1
2m 1
2m−1 22m − 2m+2 + 6
2m−2 2m+1 − 4
2m − 2m−2 2m+1 − 4
4. Optimal binary codes and examples
Recall that the Gray map φ in Section 2 is an isometry from (Rm, dL) to (F
2m
2 , dH).
Then we should consider the binary codes φ(CL1) and φ(CL2) presented in Section 3.
In this section, we will present some binary optimal codes and numeral examples.
An [n, k, d] code C is called distance optimal if no [n, k, d + 1] code exists, and is
called almost optimal if the code [n, k, d + 1] is optimal, see [10, Chapter 2]. For an
[n, k, d] binary code, the following well-known bound is called the Griesmer bound,
see [8],
k−1∑
i=0
⌈
d
2i
⌉
≤ n,
where ⌈x⌉ denotes the smallest integer greater than or equal to x.
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Theorem 4.1. The code φ(CL1) in Theorem 3.2 is distance optimal.
Proof. By Theorem 3.2, the code φ(CL1) has the following parameters:
n = 2|A|+1(2m − 2|B|), k = m+ |A|, d = 2|A|(2m − 2|B|).
Then
m+|A|−1∑
i=0
⌈
2m+|A| − 2|A|+|B| + 1
2i
⌉
= (2m+1+|A| − 2)− (2|A|+|B|+1 − 1) + 1 + |A|+ |B|
= 2|A|+1(2m − 2|B|) + |A|+ |B|
> 2|A|+1(2m − 2|B|).
By the Griesmer bound, there is no code with parameters [n, k, d+ 1].
This completes the proof. 
We give the following example to illustrate Theorem 3.2.
Example 4.2. Suppose that m = 2 in Theorem 3.2.
(1) If A = B and |A| = |B| = 1, then φ(CL1) is a two-weight binary code with
parameters [8, 3, 4] and weight enumerator 1 + 6z4 + z8.
(2) If |A| = 2, and |B| = 1, then φ(CL1) is a two-weight binary code with parameters
[16, 4, 8] and weight enumerator 1 + 13z8 + 2z12.
Theorem 4.3. In Theorem 3.6, if A = B and |A| = m − 1, then the code φ(CL2)
meets the Griesmer bound with equality.
Proof. By Theorem 3.6, if A = B and |A| = m − 1, then the code φ(CL2) has the
following parameters:
n = 22m−1, k = 2m, d = 22m−2.
Therefore
2m−1∑
i=0
⌈
22m−2
2i
⌉
=
2m−2∑
i=0
⌈
22m−2
2i
⌉
+ 1 = (22m−1 − 1) + 1 = 22m−1.
This completes the proof. 
The following are some examples.
Example 4.4. Suppose that m = 3 in Theorem 3.6.
(1) If |A| = 1, |B| = 2 and A ∩ B = ∅, then φ(CL2) is a four-weight binary code
with parameters [48, 6, 20] and weight enumerator 1 + 6z20 + 54z24 + z32 + 2z36.
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(2) If |A| = |B| = 2 and A = B, then φ(CL2) is a two-weight binary code with
parameters [32, 6, 16] and weight enumerator 1+ 62z16 + z32. In fact, the code φ(CL2)
meets the Griesmer bound with equality.
Example 4.5. Suppose that m = 3 in Corollary 3.9.
(1) If |A| = 1, then φ(CL2) is a five-weight binary code with parameters [12, 6, 3]
and weight enumerator 1 + 8z3 + 6z4 + 16z6 + 24z7 + 9z8. In fact, φ(CL2) is almost
optimal according to [7].
(2) If |A| = 2, then φ(CL2) is a four-weight binary code with parameters [8, 6, 2]
and weight enumerator 1+12z2+38z4+12z6+z8. In fact, φ(CL2) is distance optimal
according to [7].
5. Concluding remarks
The main contributions of this paper are the following
• Two constructions of codes over F2 + uF2, where u
2 = 0, defined in (1.1) and
(1.2) associated with simplicial complexes.
• The determination of the Lee weight distributions of two classes of the codes
over F2 + uF2 when these simplicial complexes are all generated by a single
maximal element (Theorems 3.2, 3.4, 3.6, and 3.8).
• A class of binary distance optimal codes (Theorem 4.1) and an infinite family
of binary optimal codes meeting the Griesmer bound (Theorem 4.3).
It is worthy to note that in [14, 18] the authors obatined a class of two-Lee-weight
codes over F2 + uF2 with parameters [2
2m − 2m, 2m] and Lee weight enumerator
1 + (22m − 2m)z2
2m−2m + (2m − 1)z2
2m
. It is easy to verify that the above result is an
immediate consequence of Corollary 3.4. To the best of our knowledge, the two-Lee-
weight codes presented in Remark 3.3 and Corollaries 3.4 and 3.5 are new and have
flexible parameters.
By massive computation, some binary optimal codes can be also found from The-
orems 3.2 and 3.6. Very recently, Hyun et al. extended the construction of linear
codes to posets in [12]. It would be interesting to find more binary optimal codes by
employing posets.
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